In the paper existence and uniqueness of the solution for a time-fractional diffusion equation on a bounded domain with Lyapunov boundary is proved in the space of continuous functions up to boundary. Since a fundamental solution of the problem is known, we may seek the solution as the double layer potential. This approach leads to a Volterra integral equation of the second kind associated with a compact operator. Then classical analysis may be employed to show that the corresponding integral equation has a unique solution if the boundary datum is continuous and satisfies a compatibility condition. This proves that the original problem has a unique solution and the solution is given by the double layer potential.
Introduction
In this paper we study solvability of the time-fractional diffusion equation (TFDE) where Ω ⊂ R n is a bounded domain with Lyapunov boundary Γ ∈ C 1+λ , 0 < λ < 1, and
is the fractional Caputo time derivative of order 0 < α < 1. Physically fractional diffusion equations describe anomalous diffusion on complex systems like some amorphous semiconductors or strongly porous materials (see [14] and references therein).
As to the mathematical theory of fractional diffusion equations, only the first steps have been taken. In literature mainly the Cauchy problems for these equations has been considered until now (see [9, 1, 12] and references therein).
Our model problem is much simpler than those treated e.g. in [1, 12] . However, the boundary integral approach used in this paper can be used in more general situations as well. We decided to concentrate on a simple model instead of the more general ones to clarify the basic idea. Boundary integral approach also allows us to study (TFDE) or its generalizations in weaker spaces such as L p -spaces or in the scale of anisotropic Sobolev spaces. For readers interested in the treatment of (TFDE) in this setting we refer to [6] .
In the paper [3] we have studied the same problem but in the scale of anisotropic Sobolev spaces using the single layer approach. The use of the single layer potential leads to a Volterra integral equation of the first kind, which is shown to be uniquely solvable. In [6] the author proved existence and uniqueness of the solution of (TFDE) in C 1 -domains. In [7] a more classical approach was used to prove the solvability of (TFDE) with the Robin boundary condition. In that paper, due to the Robin boundary condition, the single layer approach was used to obtain a boundary integral equation of the second kind. This paper is also devoted to the classical analysis and therefore is closely related to the paper [7] . When using the classical analysis, the minimal smoothness assumption of the boundary is the Lyapunov smoothness.
Since a fundamental solution of (TFDE) is known [1, 3, 10, 15] , it is natural to seek the solution of (TFDE) in terms of the double layer potential
where ν(y) denotes the outward unit normal at y ∈ Γ and
is the fundamental solution of (TFDE). Here H 20 12 is the Fox H-function, which is defined via the Mellin-Barnes integral representation
where C is an infinite contour on the complex plane circulating the negative real axis counterclockwise.
Boundary behaviour of the double layer potential
Although the fundamental solution cannot be expressed in terms of elementary functions in our case, the Fox H-function H 20 12 (z) is an analytic function of z = 0 and admits a series expansion [8, Theorem 1.2] . A careful analysis of the Fox H-function allows us to derive the asymptotic behaviour of the kernel of D, which is given by [4] :
we have the following estimates for the normal derivative of G:
The boundary values of the double layer potential are given by 
and I denotes the identity operator.
In the sequel we shall find out the conditions to guarantee the unique solvability of (2.1), which is a Volterra integral equation of the second kind. Therefore we can proceed along the same lines as in the case of the heat equation given e.g. in [11] .
Existence and uniqueness of the solution
Lemma 2.1 shows that the kernel of W is weakly singular and therefore we have the following compactness result. For large values of z we may estimate
for any γ > 0, since the function x → x γ exp(−σx β ) is uniformly bounded in R + for any β, γ, σ > 0. Choosing
we have a locally integrable majorant.
For small values of z we consider the case n = 3 as an example. Now we have
which is locally integrable if we choose 1 < γ < 1 + In order to have solvability of (TFDE) we assume that the boundary datum satisfies the compatibility condition g(·, 0) = 0 on Γ.
(3.1)
Now, it follows from Theorem 2.1 and Corollary 3.1 that the double layer potential solves TFDE provided that ϕ is a solution of (− 
3) is a solution of (TFDE) with the condition (3.1) provided that the density ϕ ∈ C(Σ T ) is a solution of the boundary integral equation
Since W is a compact operator, the operator − 
for some 0 < β < 1. Then iterating this estimate we can find an integer k 0 such that 
for all n ∈ N. Hence ϕ ≡ 0 on Σ T . Therefore we have proved the following existence and uniqueness theorem, which is our main result. Remark 3.1. The uniqueness of the solution may also be proved by using the maximum principle, which was shown in [12] for a general second order time-fractional diffusion operator
with 0 < p ∈ C 1 (Ω) and 0 ≤ q ∈ C(Ω). The same author proved in [13] the existence of the solution using the notion of a generalized solution and the Fourier method of the variable separation. It should be noted that the generalized solution defined in [13] is a continuous function up to the boundary, not a generalized one.
Although our operator is simpler, a similar boundary integral technique may be used to prove uniqueness and existence results for a more general operator.
Indeed, the necessary estimates for the fundamental solution are proved in [1] for a more general time-fractional diffusion operator ∂ α t − B, where B is a uniformly elliptic second order differential operator in non-divergence form with bounded and continuous real-valued coefficients depending on x. Then proceeding as in our paper we may prove that the corresponding integral equation possesses a unique solution. For details we refer to [2, Chapters 1.4 and 5.3], where existence of a solution for a general second order parabolic differential equation is established.
